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ON ONE CLASS OF FUNCTIONS
WITH COMPLICATED LOCAL STRUCTURE
SYMON SERBENYUK
Abstract. We introduce a class Λs of functions with complicated
local structure. Any function from the class belongs to one of three
specifically defined types f s
k
, f+, and f
−1
+ or is a specifically defined
composition of two or three functions of these types. Differential,
integral, fractal and other properties of such functions are investi-
gated. In particular, all functions f from Λs such that f(x) 6= x,
f(x) 6= − s−1
s+1
− x and f(x) 6= 1 − x are nonmonotonic and nowhere
differentiable. The Hausdorff–Besicovitch dimension of a plot of each
f ∈ Λs is equal to 1, and the Lebesgue integral of f is equal to 12 . The
proof of these statements for the compositions and the corresponding
proofs for f s
k
, f+, and f
−1
+ are similar.
1. Introduction
Before the nineteenth century due to a number of objective reasons,
the mathematicians believe intuitively that any function has derivatives
of all orders. With the lapse of time, this idea began to give rise to doubt.
Among the first scientists-opponents, we mention Bolzano, Lobachevsky,
Dirichlet, and Weierstrass. The latter constructed the example of a con-
tinuous nowhere differentiable function in 1871 [9, pp. 105–108]. There-
after, a lot of mathematicians concentrated their attention on finding the
examples and the collections of such functions [4, 5, 6, 9].
The construction of new examples of continuous nowhere differentiable
functions was accompanied by the development of new methods of def-
inition of such functions. In the present article, we use a rather simple
means to set a whole class of functions with complicated local structure
such that almost all functions of the class are everywhere continuous and
nowhere differentiable.
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Let s > 1 be a fixed natural number, and let the set A = {0, 1, ..., s−1}
be the alphabet of an s-adic or nega-s-adic number system. The notation
x = ∆±sα1α2...αn... means that x is represented by the s-adic or nega-s-adic
number system, i.e.,
x =
∞∑
n=1
αn
sn
≡ ∆sα1α2...αn...
or
x =
∞∑
n=1
(−1)nαn
sn
≡ ∆−sα1α2...αn..., αn ∈ A.
Let Λs be a class of functions of the type
f : x = ∆±sα1α2...αn... → ∆±sβ1β2...βn... = f(x) = y, (1)
where
(
βkm+1, βkm+2, ..., β(m+1)k
)
= θ
(
αkm+1, αkm+2, ..., α(m+1)k
)
, the num-
ber k is a fixed positive integer for a specific function f , m = 0, 1, 2, ...,
and θ(γ1, γ2, ..., γk) is some function of k variables (it is the bijective
correspondence) such that the set
Ak = A× A× ...× A︸ ︷︷ ︸
k
.
is its domain of definition and range of values.
Each combination (γ1, γ2, ..., γk) of k s-adic or nega-s-adic digits (ac-
cording to the number representation of the argument of a function f)
is assigned to the single combination θ(γ1, γ2, ..., γk) of k s-adic or nega-
s-adic digits (according to the number representation of the value of a
function f). The combination θ(γ1, γ2, ..., γk) is assigned to the unique
combination (γ
′
1, γ
′
2, ..., γ
′
k) that may be not to match with (γ1, γ2, ..., γk).
The θ is a bijective function on Ak.
It is clear that any function f ∈ Λs is one of the following functions:
f sk , f+, f
−1
+ , f+ ◦ f sk , f sk ◦ f−1+ , f+ ◦ f sk ◦ f−1+ ,
where
f sk
(
∆sα1α2...αn...
)
= ∆sβ1β2...βn..., (2)(
βkm+1, βkm+2, ..., β(m+1)k
)
= θ
(
αkm+1, αkm+2, ..., α(m+1)k
)
form = 0, 1, 2, ...,
and some fixed natural number k, i.e.,
(β1, β2, ..., βk) = θ (α1, α2, ..., αk) ,
(βk+1, βk+2, ..., β2k) = θ (αk+1, αk+2, ..., α2k) ,
.........................(
βkm+1, βkm+2, ..., β(m+1)k
)
= θ
(
αkm+1, αkm+2, ..., α(m+1)k
)
,
FUNCTIONS WITH COMPLICATED LOCAL STRUCTURE 3
.........................
and
f+
(
∆sα1α2...αn...
)
= ∆−sα1α2...αn..., (3)
f−1+
(
∆−sα1α2...αn...
)
= ∆sα1α2...αn.... (4)
In [7], the following function was considered:
x = ∆3α1α2...αn...
f→ ∆3ϕ(α1)ϕ(α2)...ϕ(αn)... = f(x) = y,
where ϕ (αn) is a function defined in terms of the s-adic number system
in the following way:
αn 0 1 2
ϕ(αn) 0 2 1
The function f from [7] is a function of the f 31 type. Now, we present
the example of the function f 22 :
f 22 : ∆
2
α1α2...αn...
→ ∆2β1β2...βn...,
where (β2m+1, β2(m+1)) = θ(α2m+1, α2(m+1)), m = 0, 1, 2, 3, ..., and
α2m+1α2(m+1) 00 01 10 11
β2m+1β2(m+1) 10 11 00 01
is an example of the f 22 -type function.
It is obvious that the set of f 21 functions consists only of the functions
y = x and y = 1 − x in the binary number system. But a set of f 22
functions has the order equal to 4! and includes the functions y = x and
y = 1− x as well.
Remark. The class of functions Λs includes the following linear functions
y = x,
x = ∆sα1α2...αn... → ∆s[s−1−α1][s−1−α2]...[s−1−αn]... = y = 1− x,
x = ∆−sα1α2...αn... → ∆−s[s−1−α1][s−1−α2]...[s−1−αn]... = y = −
s− 1
s+ 1
− x.
These functions are called Λs-linear functions.
2. On the well-posedness of definition of the functions
from Λs
Lemma 1. For any function f from Λs except for Λs-linear functions,
values of function f for different representations of s-adic rational num-
bers from [0; 1] (nega-s-adic rational numbers from [− s
s+1
; 1
s+1
] respec-
tively) are different.
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Proof. Consider an s-adic rational number
x(0,n) = ∆
s
α1α2...αn−1αn000... = ∆
s
α1α2...αn−1[αn−1][s−1][s−1][s−1]... = x(s−1,n), n ∈ Z0.
Let n = k. Then the equality f sk(x(0,n)) = f
s
k(x(s−1,n)) is true for the
numbers x(0,k) = ∆
s
0...01︸ ︷︷ ︸
k
000...
x(s−1,k) = ∆
s
0...0︸︷︷︸
k
[s−1][s−1][s−1]...
as soon as
the system
θ(0, 0, ..., 0, 0︸ ︷︷ ︸
k
) = (0, 0, ..., 0, 0︸ ︷︷ ︸
k
),
θ(s− 1, s− 1, ..., s− 1, s− 1︸ ︷︷ ︸
k
) = (s− 1, s− 1, ..., s− 1, s− 1︸ ︷︷ ︸
k
);
is true, and f sk(∆
s
0...01︸ ︷︷ ︸
k
000...
) = ∆s0...01︸ ︷︷ ︸
k
000...
= ∆s0...0︸︷︷︸
k
[s−1][s−1][s−1]...
.
In the general case, we have
f sk(x(0,n)) = f
s
k(∆
s
α1α2...αn−1αn000...
) = ∆sβ1β2...βn−1βn000...
and
f sk(x(s−1,n)) = f
s
k(∆
s
α1α1...αn−1[αn−1][s−1][s−1][s−1]...
) =
= ∆sβ1β2...βn−1[βn−1][s−1][s−1][s−1]....
In other words, f sk(x(s−1,n)) = f
s
k(x(0,n)), when f
s
k = x.
If 
θ(0, 0, ..., 0, 0︸ ︷︷ ︸
k
) = (s− 1, s− 1, ..., s− 1, s− 1︸ ︷︷ ︸
k
),
(0, 0, ..., 0, 0︸ ︷︷ ︸
k
) = θ(s− 1, s− 1, ..., s− 1, s− 1︸ ︷︷ ︸
k
),
then the equality
f sk(x(s−1,n)) = f
s
k(x(0,n))
is true, when f sk = 1− x.
Analogously,
f+(∆
s
α1α2...αn−1αn000...
) 6= f+(∆sα1α2...αn−1[αn−1][s−1][s−1][s−1]...),
and
f−1+ (∆
−s
α1α2...αn−1αn[s−1]0[s−1]0...
) 6= f−1+ (∆−sα1α2...αn−1[αn−1]0[s−1]0[s−1]0...).
The proof of the lemma is analogous for the combinations f+ ◦ f sk ,
f sk ◦ f−1+ , and f+ ◦ f sk ◦ f−1+ . 
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Remark 1. From unique representation for each s-adic irrational number
from [0; 1] it follows that the function f sk is well defined at s-adic irrational
points.
To reach that any function f ∈ Λs such that f(x) 6= x and f(x) 6= 1−x
be well-defined on the set of s-adic rational numbers from [0; 1], we shall
not consider the s-adic representation, which has period (s− 1).
Analogously, we shall not consider the nega-s-adic representation, which
has period (0[s− 1]).
3. Some properties
Lemma 2. A set of functions f sk with the defined operation “composition
of functions” is a finite group that has order equal to
(
sk
)
!.
Proof. Let s > 1 be a positive integer and let k ∈ N be an arbitrary
number. The set Ak(s) is a set of all samples ordered with reiterations of k
numbers from A = {0, 1, ..., s−1}. The set f sk is a group of permutations
of elements from Ak(s). In other words, f
s
k is a symmetric group. 
Lemma 3. The function f ∈ Λs such that f(x) 6= x, f(x) 6= −s−1s+1 − x
and f(x) 6= 1− x has the following properties:
(1) f reflects [0; 1] or [− s
s+1
; 1
s+1
] (according to the number represen-
tation of the argument of a function f) into one of the segments
[0; 1] or [− s
s+1
; 1
s+1
] without enumerable subset of points (accord-
ing to the number representation of the value of a function f)
.
(2) the function f is not monotonic on the domain;
(3) the function f is not a bijective mapping on the domain.
Proof. From (2), it follows the first property for f and the second prop-
erty for f sk .
Function f+. Let x1 = ∆
s
α1α2...αn...
and x2 = ∆
s
β1β2...βn...
be such that
x1 < x2. It is obvious that there exists n0 such that αj = βj for all
j = 1, n0 − 1 and αn0 < βn0. This implies the system{
f(x1) = ∆
−s
α1α2...αn0−1αn0 ...
< ∆−sβ1β2...βn0−1βn0 ...
= f(x2), if n0 ≡ 0 (mod 2);
f(x1) = ∆
−s
α1α2...αn0−1αn0 ...
> ∆−sβ1β2...βn0−1βn0 ...
= f(x2), if n0 ≡ 1 (mod 2) .
So, f+ is not monotonic. It is clear that the other functions f ∈ Λs such
that f(x) 6= x and f(x) 6= 1− x are not monotonic as well.
The f sk -type function is a bijective mapping on [0; 1], when y
s
k = x or
ysk = 1 − x. Let us have x1 = ∆sα1α2...αn... and x2 = ∆sβ1β2...βn... such that
x1 6= x2.
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Let y1,2 = ∆
s
γ1γ2...γn...
= f sk(x1) = f
s
k(x2) be an s-adic irrational number.
Then, for each m = 0, 1, ...,
(γkm+1, γkm+2, ..., γ(m+1)k) = θ(αkm+1, αkm+2, ..., α(m+1)k) = θ(βkm+1, βkm+2, ..., β(m+1)k).
From the last equalities, it follows that x1 = x2, but this contradicts the
condition.
Let y1,2 be an s-adic rational number, i.e.,
y1,2 = ∆
s
γ1γ2...γn−1γn000... = ∆
s
γ1γ2...γn−1[γn−1][s−1][s−1].... (5)
It is obvious that f sk is not a bijective mapping on the set M ⊂ [0; 1]
of rational numbers from [0; 1] such that, for M ∋ x1 6= x2 ∈ M ,
f sk(x1) = f
s
k(x2) = y1,2.
It is easy to find the subsets of s-adic rational or nega-s-adic rational
numbers such that the functions f−1+ , f+ ◦ f sk , f sk ◦ f−1+ , f+ ◦ f sk ◦ f−1+ are
not bijective mappings on these subsets. 
Lemma 4. For each x ∈ [0; 1], the function f+ satisfies the equation
f(x) + f(1− x) = −s− 1
s+ 1
; (6)
Proof. Let x = ∆sα1α2...αn... be an any number from [0; 1]. Then
f+(x) + f+(1− x) = f+(∆sα1α2...αn...) + f+(∆s[s−1−α1][s−1−α2]...[s−1−αn]...) =
= ∆−s(s−1) = −
s− 1
s+ 1
. 
Lemma 5. [3, pp. 13-14, 19] Equation (6) has the solutions
f(x) = − s− 1
2(s+ 1)
+
{
h(x− x2), x < 1
2
;
−h(x− x2), x > 1
2
,
where h =
√
1
4
(
s−1
s+1
)2 − g, and g is any function, or
f(x) = − s− 1
2(s+ 1)
+
(
x− 1
2
)
ω
(
x− x2) ,
where ω(x) is any function.
Lemma 6. For each y ∈ [− s
s+1
; 1
s+1
], the function f−1+ satisfies the equa-
tion
f−1(y) + f−1
(
−s− 1
s + 1
− y
)
= 1. (7)
The proof of the lemma is analogous to that of Lemma 4.
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Lemma 7. [3, pp. 13-14, 19] The equation (7) has the solutions
f−1(y) =
1
2
+
{
h
(−s−1
s+1
y − y2) , y < − s−1
2(s+1)
;
−h (−s−1
s+1
y − y2) , y > − s−1
2(s+1)
,
where h =
√
1
4
− g,
and g is any function or
f−1(y) =
1
2
+
(
y +
s− 1
2(s+ 1)
)
ω
(
−s− 1
s + 1
y − y2
)
,
where ω(y) is any function.
4. The sets of invariant points
Lemma 8. The following properties of the set of invariant points of the
function f sk are true:
• the set of invariant points of f sk is a continuum set, and its
Hausdorff–Besicovitch dimension is equal to 1
k
logs j, when there
exists the set {σ1, σ2, ..., σj} (j ≥ 2) of k-digit combinations σ1, ..., σj
of s-adic digits such that
θ(a
(i)
1 , a
(i)
2 , ..., a
(i)
k ) = (a
(i)
1 , a
(i)
2 , ..., a
(i)
k ), where σi = (a
(i)
1 a
(i)
2 ...a
(i)
k ), i = 1, j;
• the set of invariant points of f sk is a finite set, when there exists
the unique k-digit combination σ of s-adic digits such that
θ(a1, a2, ..., ak) = (a1, a2, ..., ak), σ = (a1a2...ak);
• the set of invariant points of f sk is an empty set, when there not
exist any k-digit combination σ of s-adic digits such that
θ(a1, a2, ..., ak) = (a1, a2, ..., ak), σ = (a1a2...ak).
Proof. From [8], it follows that a set of all numbers from [0; 1] such
that the s-adic representation of numbers has only combinations from
{σ1, σ2, ..., σj}, where (j ≥ 2) and σi, i = 1, j, are k-digit combinations
of s-adic digits, is a self-similar fractal, and its Hausdorff–Besicovitch
dimension α0 satisfies the equation
j
(
1
s
)kα0
= 1.
Let there exist a unique s-adic digit combination σ. It is obvious that
the one-element set
{x : x = ∆s(a1a2...ak)(a1a2...ak)(a1a2...ak)...}
is a set of invariant points of f sk . 
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Lemma 9. The set of invariant points of the function f+, as well as f
−1
+ ,
is a self-similar fractal, and its Hausdorff–Besicovitch dimension is equal
to 1
2
.
Proof. From
∞∑
n=1
(−1)nαn
sn
=
∞∑
n=1
αn
sn
for any x ∈ {x : x = 2∆s0α20α4...0α2n0α2n+20...} , it follows that the set {x : f+(x) = x}
is a set of all numbers from [0; 1] such that the s-adic representation of
numbers has only 2-digit combinations from {00, 01, 02, ..., 0(s − 1)}.
Hence, from [8], it is follows that the sets of invariant points of the func-
tions f+ and f
−1
+ are self-similar fractals, and their Hausdorff–Besicovitch
dimension α0 satisfies the equation
s
(
1
s
)2α0
= 1.
So, α0 =
1
2
. 
5. Differential properties
Theorem 1. The function f ∈ Λs such that f(x) 6= x, f(x) 6= −s−1s+1 − x
and f(x) 6= 1 − x is continuous at s-adic irrational or nega-s-adic irra-
tional points, and the s-adic rational or nega-s-adic rational points are
points of discontinuity of the function (according to the number represen-
tation of the argument of a function f).
Proof. Let us consider a function of the f sk type. Let x = ∆
s
α1α2...αn...
∈ [0; 1]
be an arbitrary number.
Let x0 be an s-adic irrational number.
Then there exists n0 = n0(x) such that{
αm(x) = αm(x0), m = 1, n0 − 1;
αn0(x) 6= αn0(x0).
From the system, it follows that the conditions x→ x0 and n0 →∞ are
equivalent, and
|f sk(x)− f sk(x0)| =
∣∣∣∣∣
∞∑
j=n0
βj(x)− βj(x0)
sk
∣∣∣∣∣ ≤
∞∑
j=n0
|βj(x)− βj(x0)|
sk
≤
≤
∞∑
j=n0
s− 1
sk
=
1
sn0−1
→ 0 for n0 →∞.
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So, the function f sk is continuous at s-adic irrational points. For other
functions from Λs, the proof of this fact is similar.
Let x0 = ∆
s
β1β2...βn...
be an s-adic rational number. Then
lim
x→x0−0
f sk(x) = ∆
s
γ1γ2...γtτττ...
, where t ≡ 0 (mod k),
(ττ...τ︸ ︷︷ ︸
k
) = θ(s− 1, s− 1, ..., s− 1︸ ︷︷ ︸
k
)
and
(γ1, ..., γk) = θ(β1, ..., βk), (γk+1, ..., γ2k) = θ(βk+1, ..., β2k), ...,
(γr+1, γr+2, ..., γt) = θ(βr+1, ..., βn−1, (βn − 1), s− 1, s− 1, ..., s− 1︸ ︷︷ ︸
k
), r =
[n
k
]
.
lim
x→x0+0
f sk(x) = ∆
s
γ1γ2...γrδr+1δr+2...δtξξξ...
, where θ(0, ..., 0︸ ︷︷ ︸
k
) = (ξ, ..., ξ︸ ︷︷ ︸
k
)
and
(γ1, ..., γk) = θ(β1, ..., βk), ..., (γr−k+1, ..., γr) = θ(βr−k+1, ..., βr),
(δr+1, δr+2, ..., δt︸ ︷︷ ︸
k
) = θ(βr+1, βr+2, ..., βn, 0, 0, ..., 0︸ ︷︷ ︸
k
).
So, x0 is a point of discontinuity:
t∑
j=r+1
δj − γj
sj
+
∞∑
j=t+1
ξ − τ
sj
=
t∑
j=r+1
δj − γj
sj
+
ξ − τ
(s− 1)st .
The proof is analogous for the functions f+, f
−1, f+ ◦ f sk , f sk ◦ f−1+ ,
f+ ◦ f sk ◦ f−1+ . 
Theorem 2. The function f ∈ Λs such that f is not Λs-linear function
is nowhere differentiable.
Proof. Consider function f sk . Let (xn) be a sequence of numbers such that
xn = ∆
s
α1α2...αn−1αnαn+1...
∈ [0; 1]. Fix a number x0 = ∆sα1α2...αn−1cαn+1...,
where c is a fixed s-adic digit such that it is used infinitely many times
in the s-adic representation of x0. Then
xn − x0 = αn − c
sn
,
f sk(xn)−f sk(x0) = ∆s0...0︸︷︷︸
r
[γr+1−γ
′
r+1
][γr+2−γ
′
r+2
]...[γn−γ
′
n]...[γr+k−γ
′
r+k
]000...
, where
r =
[
n
k
]
is the integer part of n
k
and
(γr+1, γr+2, ..., γn−1, γn, γn+1, ..., γr+k) = θ(αr+1, αr+2, ..., αn−1, αn, αn+1, ..., αr+k),
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(γ
′
r+1, γ
′
r+2, ..., γ
′
n−1, γ
′
n, γ
′
n+1, ..., γ
′
r+k) = θ(αr+1, αr+2, ..., αn−1, c, αn+1, ..., αr+k).
It is clear that the conditions x→ x0 and n→∞ are equivalent. There-
fore,
f sk
′
(x0) = lim
n→∞
∑r+k
i=r+1
γi−γ
′
i
si
αn−c
sn
.
Since, for different combinations αr+1...αn...αr+k and αr+1...αn−1cαn+1...αr+k,
of s-adic digits, the derivative of f sk at the point x0 has different values,
the function f sk is nowhere differentiable.
The derivative of f sk exists only if
r+k∑
i=r+1
γi − γ ′i
si
= ±αn − c
sn
,
i.e., when f sk = x or f
s
k = 1− x.
Let us consider the function f+ and the notations
a =
∞∑
n=1
α2n−1(x)
s2n−1
−
∞∑
n=1
α2n−1(x0)
s2n−1
,
b =
∞∑
n=1
α2n(x)
s2n
−
∞∑
n=1
α2n(x0)
s2n
.
Then
(f+(x0))
′ = lim
x→x0
f(x)− f(x0)
x− x0 = lima→0,b→0
b− a
a+ b
=
 a = ρ cos(ϕ),b = ρ sin(ϕ),
ρ→ 0,
 =
= lim
ρ→0
sin(ϕ)− cos(ϕ)
sin(ϕ) + cos(ϕ)
, ϕ = 0, 2pi,
i.e., the limit does not exist. It is similar for f−1+ and other functions
f ∈ Λs. 
6. The Hausdorff-Besicovitch dimension of graphs of
considered functions
Theorem 3. The Hausdorff–Besicovitch dimension of the graph of any
function from the class Λs is equal to 1.
Proof. From the definition and properties of the functions f+ and f
−1
+ ,
it follows that the graph of the function belongs to s squares from s2
first-rank squares:
⊓(ii) =
[
i
s
;
i+ 1
s
]
×
[
−i+ 1
s
;− i
s
]
, i ∈ A for f+,
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⊓(ii) =
[
−i+ 1
s
;− i
s
]
×
[
i
s
;
i+ 1
s
]
, i ∈ A for f−1+ ,
i.e., ⊓(00),⊓(11),⊓(22), ...,⊓((s−1)(s−1)).
The graph of each of the functions belongs to s2 squares from s4 second-
rank squares:
⊓(i1i1)(i2i2) =
[
i1
s
+
i2
s2
;
i1
s
+
i2 + 1
s2
]
×
[
−i1
s
+
i2
s2
;−i1
3
+
i2 + 1
s2
]
for f+,
and
⊓(i1i1)(i2i2) =
[
−i1
s
+
i2
s2
;−i1
3
+
i2 + 1
s2
]
×
[
i1
s
+
i2
s2
;
i1
s
+
i2 + 1
s2
]
for f−1+ ,
i1 ∈ A, i2 ∈ A, i.e.,
• The part of the graph, which is in the square ⊓(00), belongs to s
squares ⊓(00)(00),⊓(00)(11),⊓(00)(22), ...,⊓(00)((s−1)(s−1));
• the part of the graph, which is in the square ⊓(11), belongs to s
squares ⊓(11)(00),⊓(11)(11),⊓(11)(22), ...,⊓(11)((s−1)(s−1));
...................................................................
• the part of the graph, which is in the square ⊓((s−1)(s−1)), belongs
to s squares ⊓((s−1)(s−1))(00), ⊓((s−1)(s−1))(11), ⊓((s−1)(s−1))(22), ...,
⊓((s−1)(s−1))((s−1)(s−1)) , etc.
The graphs Γf+ and Γf−1
+
of the functions f+ and f
−1
+ belong to s
m
squares of rank m with side s−m. Then
Ĥα(Γf+) = Ĥα(Γf−1
+
) = lim
m→∞
sm
(√
s−2m + s−2m
)α
= lim
m→∞
sm
(
2 · s−2m)α2 =
= lim
m→∞
(
s
2m
α
−2m · 2
)α
2
= lim
m→∞
(
2
α
2 · (s1−α)m).
It is obvious that if s(1−α)m → 0 for α > 1, and the graphs of the func-
tions have self-similar properties, then αK(Γf+) = α
K(Γf−1
+
) = α0(Γf−1
+
) = α0(Γf+) = 1,
where αK(E) is the fractal cell entropy dimension [6] of the set E.
To find the Hausdorff–Besicovitch dimension of the graph of the func-
tion f sk , we use a s-adic square of the rank that is multiple to k.
From the definition of f sk and properties of f
s
k , it follow that the graph
of the function belongs to sk squares from s2k squares of rank k.
The graph of f sk belongs to s
2k squares from s4k squares of rank 2k,
etc.
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So, the graph Γfs
k
of f sk belongs to s
mk squares of rank mk with sides
s−mk, m ∈ N. These squares are s2mk. Therefore,
Hˆα(Γfs
k
) = lim
m→∞
smk
(√
2 · s−2mk
)α
= lim
m→∞
smk
(
2
α
2 · s−αmk) = lim
m→∞
smk
(
2
α
2 · s(1−α)mk).
It is similar with f+ and f
−1
+ that s
(1−α)mk → 0 for α > 1 and αK(Γfs
k
) = α0(Γfs
k
) = 1.
The proof is analogous for other functions from Λs. 
7. Lebesgue integral
Theorem 4. Let f ∈ Λs. Then∫
D(f)
f(x) dx =
1
2
, where D(f) is the domain of definition of f .
Proof. The conditions of existence of the Lebesgue integral are true for
the function f sk . Since the function has self-similar properties, the Lebesgue
integral I of f sk can be calculated by the following equality:
I =
1
s2k
skI +
s2k − sk
2
· 1
s2k
,
I
(
1− 1
sk
)
=
sk − 1
2sk
, I =
1
2
.
It is similar for the functions f+ and f
−1
+ :
I =
(s− 1)s
2s2
+ sI
1
s2
=
1
s
I +
s− 1
2s
,
whence I = 1
2
.
For the other functions f ∈ Λs, one can calculate their Lebesgue inte-
grals with regard for the definition of the corresponding integral. 
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